Abstract-In this article, an alternative LMI solution for the linear quadratic optimal control design is proposed for discretetime linear systems in the singular perturbation form. This approach is particularly adapted for the case of high dimension systems. An extension to polytopic uncertain system and an example of practical application to the robust steering control of hot strip mill are also presented.
I. INTRODUCTION
Many industrial systems involve dynamics operating on two or more time scales. In this case, standard control technics lead to ill-conditioning problems and singular perturbation methods may be used to avoid such a numerical phenomena [4] , [9] . They consist in decomposing the system into several subsystems, one for each time scale. Thus, a different controller is designed for each of them. Singular perturbation technics also allow to neglect high-frequency dynamics and then reduce the controller order. This property can be very useful when the system order is high. In the LQ optimal control framework, first contributions to the singular perturbation theory are proposed by [5] , [12] for the continuous-time case and by [6] , [11] for the discrete-time case. In [3] , an alternative LMI solution for the continuoustime LQ optimal control design of two-time scale systems is proposed [10] .
In this article, we present a LMI solution for the LQ control design of two-time scale system in discrete-time. The advantage associated to the LMI formulation is the existence of several solvers that provide solutions also in the case of high dimension problems [1] . Furthermore, we show that our results can be extended to polytopic uncertain systems, under some assumptions. Experimental results concerning the robust steering control of hot strip mill are given.
The article is organised as follows. In section II, the LQ problem for the linear discrete-time singularly perturbed systems is discussed. In section III, an alternative LMI solution is presented. In section IV, the results of section III are extended to uncertain systems in the polytopic form. In section V, an example of industrial application, the robust steering control of hot strip mill, is presented.
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II. PROBLEM FORMULATION
Consider the fast sampling model of a two-time scale LTI system in the singular perturbation form:
where ε>0 is a scalar parameter, x 1 ∈ R n1 is the state vector corresponding to the fast dynamics, x 2 ∈ R n2 is the state vector corresponding to the slow dynamics, u ∈ R r is the control signal, y ∈ R m is the output signal,
′ ′ is the initial condition and I n denotes the identity matrix ∈ R n×n .L e td e fine the state matrices
and the LQ performance index
where R = R ′ ≻ 0 ∈ R r×r is a weighting matrix. Given the optimisation problem
if the pair (A(ε),B(ε)) is stabilisable and the pair (C, A(ε)) is detectable, there exists a stabilising solution P (ε) 0 for the algebraic Riccati equation:
The optimal solution is:
. When ε → 0, standard technics may lead to illconditioning controllers. To avoid such as numerical problems, the criterion (3) and its associate Riccati equation (4) may be decomposed into two different well-behaved subproblems, independently of the singular parameter ε.
Slow subproblem:
To derive the slow subsystem of (1), we assume that x 2 (k)=x s (k) and
) during the steady state. We obtain:
which can be written in the time scale t = εk as
Dividing both sides by ε,forε → 0 we get the approximated continuous-time subproblem:
with 
with
The state-feedback law (7) guarantees the condition Re{ρ(A s + B s K s )} < 0,where ρ(X) denotes the spectrum of X. This implies asymptotic stability of the slow dynamics, for sufficiently small ε.
Fast subproblem: To derive the fast subsystem of (1), we assume that
yields the following fast subproblem:
. If the pair (A 11 ,B 1 ) is stabilisable and the pair (C 1 ,A 11 ) is detectable, there exists a stabilising solution P f 0 for the algebraic Riccati equation:
Composite control: The control laws (7) and (8) are designed using independent gains K s and K f .S i n c e ( 7 ) has been designed in a continuous-time framework while (8) has been designed in the discrete-time, we obtain a hybrid control law. Setting u s (t)=u s (k)=K s x s (k) constant for kε ≤ t<(k +1)ε, we have the composite control law : (9) is close to the optimal solution (5).
III. LMI SOLUTION
The LQ problem (3) may be formulated in a convex form. In this case, the solution can be found solving a LMI problem [10] . This approach has been extended to continuous-time singularly perturbed systems in [3] . In this section, a similar development is proposed for the discrete-time singularly perturbed systems. Let define the following sets:
and
An alternative LMI solution to the problem (3) is obtained solving the following optimisation problem [10] :
Furthermore, ifW * (ε) is optimal, it can be written as:
where K(ε)=S * (ε)W * (ε) −1 is the optimal gain and
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Hence, P ε may be reformulated as:
When ε is small, numerical difficulties to minimise the criterion J(ε) of P ε arise. This problem is due to the illconditioning of the constraint (12) . As in the LQ classical solution, we can decompose P ε into two well-behaved subproblems :
′ , we obtain:
Let define
Then: lim
The last two equations can be written in the form:
f . In terms of variables, J 0 s depends on W s and S s whereas J 0 f depends on W f and S f . Hence, two independent optimisation subproblems can be defined:
Slow subproblem:
Fast subproblem:
that, using the Schur complement [1] , becomes
The following theorem gives a suboptimal well-behaved solution of the problem P ε .
Theorem 1:
Assume that the problems P s and P f admit, respectively, the solutions
Then, there exists a positive scalar ε max such that the solutionW (ε) of the problem P ε satisfies
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∀ ε ∈ (0,ε max ]. Moreover, the controller gain (13) is given by
Proof: From (10), denote
Substituting (2), (10) and (23) in (12), we obtain:
with H 1 (ε), H 2 (ε) and H 3 (ε) defined in equations (26)-(28). When ε → 0, using (24) we obtain (29)-(31). Equation (15) verifies (30). Furthermore, substituting (15) and (17) in (29), we obtain (32) and, substituting (6), (15) and (16) in (31), we obtain (33). Finally, (32) and (33) represent the constraints of the problems P f and P s , respectively. Equations (26)- (33) are defined in the next page. Replacing in (25) the unknown values of
Then, for the Schur complement, also (34) is verified ∀ ε ∈ (0,ε 1 ]. Moreover, there exists a scalar ε 2 > 0 such that the LMI
. Thus, there exist matrices W s , S s , W f , S f and a scalar ε max = min{ε 1 ,ε 2 } which verify the constraints (10)- (12) of problem P ε , ∀ ε ∈ (0,ε max ]. Consider
The composite controller is given by
which corresponds to (9) . Applying the formula of the inverse of block matrix to (20), we find
s ) which concludes the proof.
Remark 1:
The conditions of Theorem 1 with Z f =0lead to the reduced control law:
where
is the optimal controller gain of the slow subsystem. Notice that, in this case, the fast subproblem P f have a solution only if A 11 is Schur.
IV. ROBUST CONTROL DESIGN
Here, the results of Theorem 1 are exploited to design a suboptimal robust reduced controller gain for uncertain two-time scale systems in the polytopic form. To this aim, consider the fast sampling two-time scale polytopic system:
}∈Y. λ l denotes the uncertainty and belongs to the unit simplex
The matrices A l (ε) and B l (ε) are defined in (2), for any l ∈ L. The two-time scale linear system corresponding to each vertex l of (36) may be written in the singular perturbation form: Conference 2009 • Budapest, Hungary, August 23-26, 2009 TuC16.5
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. Its slow dynamics is :
Here, we present some experimental results concerning robust steering control of the Eisenhüttenstadt hot strip mill of ArcelorMittal (Germany) [2] , [7] , [8] . The rolling process consists in crushing a metal strip between two rolls in inverse rotation for obtaining a strip with constant and desired thickness. The lateral movement of the strip with reference to the mill axis, called strip off-centre (Z), may induce a decrease of the product quality and rolls damage. Then, this displacement must be reduced to improve the reliability and the quality of the process. A hot strip mill treats a set of very different products. Hence the physical parameters of the products have to be considered as uncertain and a robust controller is needed. The Eisenhüttenstadt hot strip mill is composed by five stands, where each stand is constituted by a set of rolls. Two state variables can be associated to each stand i: the strip off-centre Z i and the angle α i between the strip and the mill axis. Then, we have:
.., α n ,Z 1 , ..., Z n ′ .
Since the angles are fast variables with reference to the strips off-centre, the system has a two-time scale dynamics. Moreover, the system actuators have a limited rate. Hence, the dynamics corresponding to the angles cannot be directly controlled. In this case, the results of the previous section may be used to design a robust reduced control law. Using Theorem 2, we obtain the results showed in Fig. 1 . The solid line shows the Z evolution for 10 different strips (thickness ∈ [2, 3] mm, width ∈ [1250, 1600] mm) while the dotted line shows the Z evolution of a strip rolled by the system in open loop and the following physical characteristics: thickness =2 .02 mm, width = 1510 mm. Notice that the same controller maintains the strip off-centre Z between −15 and 20 mm for the whole set of treated products, whereas, when the system is not controlled, the strip off-centre varies between −30 and 50 mm. In this article, a LMI solution for the LQ control design of singularly perturbed systems in the discrete-time case is proposed. In order to design the controller, a model representing the sampling of singularly perturbed continuous-time systems has been used. Then, results can be applied to the continuous-time systems controlled by digital devices. Both composite and reduced controller have been investigated. An extension of the reduced controller to two-time scale uncertain systems in the polytopic form has also been presented. Experimental results concerning the robust steering control of hot strip mill have been shown.
